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^ ■ Abstract: We develop solution-generating techniques for stationary metrics with 

■ one angular momentum and axial symmetry, in the presence of a cosmological con- 

O^. stant and in arbitrary spacetime dimension. In parallel we study the related lower 

dimensional Einstein-Maxwell-dilaton static spacetimes with a Liouville potential. 
For vanishing cosmological constant, we show that the field equations in more than 



X 



four dimensions decouple into a four dimensional Papapetrou system and a Weyl 
system. We also show that given any four dimensional "seed" solution, one can 
construct an infinity of higher dimensional solutions parametrised by the Weyl po- 
tentials, associated to the extra dimensions. When the cosmological constant is 
non-zero, we discuss the symmetries of the field equations, and then extend the well 
known works of Papapetrou and Ernst (concerning the complex Ernst equation) in 
four- dimensional general relativity, to arbitrary dimensions. In particular, we demon- 
strate that the Papapetrou hypothesis generically reduces a stationary system to a 
static one even in the presence of a cosmological constant. We also give a particular 
class of solutions which are deformations of the (planar) adS soliton and the (planar) 
adS black hole. We give example solutions of these techniques and determine the 
four- dimensional seed solutions of the 5 dimensional black ring and the Myers-Perry 
black hole. 
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1. Introduction 

Exact solutions in General Relativity are essential in order to gain insight on the 
nature of gravity, and for this reason much effort has been devoted to their system- 
atic construction. In four-dimensional Einstein general relativity, numerous methods 
have been developed to obtain solutions, usually by assuming some symmetries for 
spacetime beforehand An important class of such solutions are spacetimes in 
vacuum which are axially symmetric and either static or stationary. In the former 
case, Weyl showed that spacetime metrics can be generated from solutions of the 
Laplace equation in three-dimensional cylindrical coordinates, and hence that the 
field equations are essentially integrable^. Many solutions of physical interest belong 
to this class: Rindler spacetime, the Schwarzschild black hole, as well as the C-metric 

'^By essential here we mean that any solution can be expanded as an infinite series over a self- 
adjoint basis of orthonormal functions; see for example 0. 
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[^] describing in part an accelerating black hole, and multiple black hole solutions 

i- 

The work of Weyl was extended to stationary and axisymmetric spacetimes by 
Lewis and Papapetrou [|^ § . Typical examples of such spacetimes are the rotating 
black hole solution found in the 60's by Kerr 0, and the Taub-NUT (TN) solution 
^ which has a new charge and non-trivial spacetime asymptotical behaviour. A 
great deal of work has also been devoted to developing and extending solution gen- 
erating methods, and then to the analysis of the resulting new solutions: see ^ for 
a review of this vast subject and references therein. 



In this paper we focus on the powerful methods first developed by Ernst [11 



Their extension enabled relativists (see |^, [jT2[, [0 and references within) to demon- 
strate that, for vanishing cosmo logical constant, stationary and axisymmetric metrics 
are also essentially integrable. Although there have been an important number of 
papers on the subject, little is known when one includes the cosmological constant 
in Einstein's field equations. As we shall discuss in detail, the system is no longer 
integrable in this case^, and methods such as those introduced by Papapetrou and 
Ernst, at first glance, seem to fail. In rather simple terms, integrability breaks down 
because equations which were homogeneous for A = become inhomogeneous when 
A 7^ 0. Examples of interesting stationary axisymmetric solutions with A 7^ are 
scarce: Carter, for example, found the extension of Kerr's solution with a cosmolog- 
ical constant (as well as a Taub-NUT parameter) by considering separable ansatze 



for Einstein's equations IH 



With the advent of modern theories of unification and in particular string theory, 
interest in solutions and solution generating methods in higher dimensional gravity 
has gradually developed. Myers and Perry |15| first gave the extension of Kerr's 



solution to higher dimensions, whereas extensions of Carter's solution were under- 
taken in DTB]. In parallel, given the p-brane solutions of Horowitz and Strominger 



and their importance in the understanding of string theory [T^ , much work has 



been devoted to Einstein-Maxwell-Dilaton (EMD) theories. When an EMD solution 
is Weyl symmetric (i.e. static and axisymmetric) it can, via an exact Kaluza-Klein 
mechanism and for certain values of the coupling constants appearing in the action, 
be uplifted to a higher dimensional axisymmetric and stationary vacuum solution. 
An example is the 4 dimensional Reissner-Nordstrom solution which can be mapped 
to a 5 dimensional rotating black 1-brane, and for which the black hole charge turns 
into the rotation potential and vice-versa. Rather less trivially, the work of Dowker 
et al. [1^ in four dimensions, where the C-metric was upgraded to an EMD solution. 



allowed Emparan and Reall to discover the black ring solution^ in 5 dimensions pT 



see also |22| for a supersymmetric version). This solution represents a rotating black 



^This is true even for Weyl's static case. 

^See for a full review on black ring type of solutions and a full list of references on the 
subject. 
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hole of given mass and angular-momentum, with a horizon of ring topology, S"^ x S^, 
thus making it different to the Myers-Perry solution. Indeed, the black ring is a typi- 
cal higher dimensional solution preventing the extension of 4 dimensional uniqueness 
theorems (Q"^. Regarding solution generating methods (see [^] for work on classi- 
fication of higher dimensional solutions), Emparan and Reall I^Bj extended Weyl's 
work to higher dimensions while a cosmological constant was included in the anal- 
ysis of |^7[. Recently Earmark et al. [^, ^ analysed stationary and axisymmetric 
metrics for A = 0, giving the relevant mappings of solutions in multiple coordinate 
systems. 

This paper aims to study solution generating methods for stationary and ax- 
isymmetric spacetimes in arbitrary dimension, and with non-vanishing cosmological 
constant A 7^ 0. Apart from the interest in classical and higher dimensional general 
relativity, one must stress the importance of asymptotically adS solutions in string 
theory. Any such solution is a classical background with which to put the adS/CFT 
correspondence to the test Furthermore, recent exotic developments in cosmol- 
ogy, such as braneworlds, have brought particular attention to gravitating solutions 
of axial symmetry in adS. Indeed, an axially symmetric metric in 5 dimensions corre- 
sponds to a spherically symmetric geometry on the brane. A solution that describes 
a 4 dimensional black hole localised on a Randall- Sundrum (RS) braneworld (see 
for a clear explanation in lower dimensions, and also and references within). 



if it exists would enter this category. One in particular, would seek a very particular 
metric of axial symmetry: the equivalent of a C-metric in 4 dimensions which de- 
scribes, in part, an accelerating black hole. The reason for this is the following: an 
RS brane, embedded in a negatively curved spacetime, is charted in Poincare coor- 
dinates, so that the brane induced metric is fiat. This coordinate system from the 
bulk point of view is an accelerating patch covering a part of adS space. In rather 
loose terms this patch is similar for adS to the Rindler coordinates for Minkowski 
spacetime. Therefore a localised RS black hole has to be accelerating in order to 
keep up with the brane, meaning in turn that in the 5 dimensional bulk one wants 
a generalised C-metric: such a solution is yet unknown, even when A = (see p7 



for a recent discussion). More generally, axisymmetric solutions are important for 
theoretical, related in particular to the issue of stability of higher dimensional black 
hole solutions |]3^, and phenomenological reasons, particularly in the context of de- 
tecting extra dimensions. Furthermore, they are also related to solutions describing 
anisotropic Bianchi type cosmologies with perfect fluid sources (see |^) or again to 
the gravitational field of sources such as the linear cosmic string . It was found in 
that the weak field approximation for the metric around a RS localised cosmic 



string differs from the 4 dimensional one [0 . These questions are even more intrigu- 
ing since recent work , making use of the adS / CFT correspondance relating such 

^However, see |Q, where it is shown that a stationary rotating black hole must have an axial 
Killing vector. 
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bulk backgrounds with their brane-boundaries, can promote such classical solutions 
as probes of quantum effects on the braneworld. 

In this paper we consider D-dimensional Einstein gravity with a cosmological 
constant term, and search for stationary and axisymmetric solutions. From a Kaluza- 
Klein perpsective we also consider d = D — 1 dimensional EMD solutions (see, for 
example, [^) with a Liouville potential for the dilaton (see, for example, P:U| ). 
For simplicity we consider a single angular momentum parameter throughout, thus 
postulating the existence of D — 2 Killing vectors of which only two are non orthog- 
onal. We begin in section |^ by reviewing stationary and axisymmetric spacetimes 
with A = in 4 dimensions, and also the well known solution generating methods 
of Ernst and Papapetrou. Then, in section ^, we introduce the cosmological con- 
stant and generalise the dimensionality of spacetime. The field equations are set up 
in a convenient form which resembles (but is not identical to) the original Lewis- 
Papapetrou 4 dimensional form, and this enables us to discuss their symmetries and 
extend 4 dimensional electromagnetic duality to include the presence of a cosmolog- 
ical constant. Furthermore it allows us to generalise the Ernst equation to arbitrary 
d and A 7^ (subsection |3l^ ); to extend Papapetrou's method (for arbitrary d and 
A 7^ )and demonstrate that any Weyl solution gives a class of rotating solutions 
satisfying Papapetrou's hypothesis (subsection ^731) ; to give a special class of solu- 
tions which describe deformations of the adS soliton and the planar adS black hole; 
and finally to present a method which allows for the direct construction of higher di- 
mensional rotating metrics from lower dimensional ones (subsection |3.4| ). Finally, in 
sections |, |^ and ^ we give some simple examples and put into practice the methods 
developed. Conclusions are given in section |^. 



2. An overview of D = 4 axially symmetric solutions of the 
vacuum 

In four dimensions, a static and axisymmetric metric can be written in the form 

ds-" = -e^^de + [«2^¥p2 ^ g2x(^j^2 ^ ^2^)] , (2.1) 

where a, A and x ^-^e functions of R and Z only. It follows from the vacuum Einstein 
equations Rab = that a is harmonic, Aa = (c?| + <9^)a = 0, and hence that one can 
always set a = r by a two dimensional conformal transformation in the (R, Z) plane. 
Without loss of generality, the metric then takes the well-known Weyl form P| 

ds^ = -e'^dt' + e-'' [I'd^' + e'^idi' + dz')] , (2.2) 

and in this special coordinate system A(r, z) now satisfies 

(^d^ + ^dr + d^^ A = 0. (2.3) 
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Since this is just the three-dimensional flat Laplace equation in cylindrical coordi- 
nates, formally A can be seen as the Newtonian potential generated by an axisym- 
metric Newtonian source 0. Once a solution (or potential) A is chosen in (|2.3|), the 
full metric is determined by solving the remaining Einstein's equations for x'- 



d,x = r [{OA)' - {OA?] , d^x = 2TdAdA, 



[2A) 



which carry the full non-linearity of Rat = 0. Since ( |2.3|) is linear, one can superpose 
A-potentials and then calculate the relevant x fi^ld from (|2.4|) . For instance, the 
Schwarzschild solution corresponds to the Newtonian potential of a rod placed at z = 
and of finite length (per unit mass) in the z direction (see for example or ||27|| ); 
the Rindler spacetime corresponds to a semi-infinite rod; and their superposition 
gives rise to the Newtonian potential corresponding to the C-metric describing, in 
part, the spacetime of an accelerating black hole [Q. This is one intuitive way of 
obtaining solutions in the form ( ^■21 ) . Alternatively it is useful to recall that since 
( p.3|) is a linear second order equation one can solve it directly by separation of 
variables, find the relevant eigenfunctions for the separate Sturm-Liouville problems, 
and then expand in terms of the basis of functions (see 0]). 

The choice of a coordinate system in which to undertake the task of writing down 
the metric solutions can be crucial. Although the Weyl canonical form is particularly 
helpful for the analysis of the system of equations at hand and for classifying the so- 
lutions, it is often useful to write specific solutions in coordinates differing from those 
in ( pl2| ) . A particularly appropriate coordinate system turns out to be the spheroidal 
coordinates discussed by Zipoy [^, which have ellipsoids and hyperboloids of revo- 
lution as coordinate surfaces. As we will see below, they are tailored to describe the 
Schwarzschild Weyl potential and were first introduced in order to express the exact 
Newtonian potential around the earth. Thus rather than Weyl coordinates (r, z), 
consider polar-like coordinates (m, ip) but with hyperbolae as radial functions, that 
is 



z = cosh-u cosip 
r = sinh u sin ip , 



:2.5) 



so that in the (r, z) plane = const curves are hyperboloids and u = const are 
ellipsoids. On setting x = coshw and y = cosip, the coordinate system becomes 
symmetric in x and y: the 2 dimensional line element is given by 

dx"^ dy"^ 



dr + dz' 



y 



— 1 



+ 



and the Laplace equation ( p.3|) takes the form 



x^ 



d_ 

dx 



ix' - 11 



dx 



+ 



d_ 

dy 



ii-y') 



r 



dy 



[2.6) 



(2.7) 
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As an example of these different coordinate shuffles and one in which spheroidal co- 
ordinates appear naturally, consider a Schwarzschild black hole: the standard metric 



ds' = - (^1 - dt' + + r'dn'jj (2.8) 

can be rewritten in Weyl coordinates (R, Z) of (|2.1|) where r/2M = cosh^(R/2) 
and 6 = Z. The conformal transformation to (|2.2|) then gives z = cos Z cosh R and 
r = sin Z sinh R as in (|2l5| ) (that is, m = R and ifj = Z), and 

g2A ^ (2.9) 

x + l ^ ^ 



It can be easily checked that this Weyl potential A is indeed a solution of ( p.7|) . More 
generally, the solutions of (p.7|) are separable and consist of products of Legendre 



polynomials [^. Appropriate boundary conditions (as well as other coordinate 
systems) have been considered by different authors Spheroidal coordinates 

are also very relevant for the analysis of stationary axisymmetric vacuum solutions, 
as we now discuss. 

Lewis and Papapetrou generalised the approach of Weyl to stationary and ax- 
isymmetric solutions in vacuum 0) §]• After a conformal transformation, the 
metric takes the Lewis-Papapetrou form 

ds^ = -e^^ {dt + Ad^f + e"2^ [i^d^^ + e2^(rfr2 + dz^)] , (2.10) 

which differs from the static form by the additional component A = A{t,z). Note 
that dt is no longer a static but rather a stationary (locally) timelike Killing vector 
field, and that one cannot, via a coordinate transformation, remove the non-diagonal 
metric component whilst keeping the line-element 't' independent. For the metric 
( |2.10|) , Ernst [|ll] pointed out an interesting reformulation of Einstein's equations for 
A and A, which read respectively 

(^^d,A^ + (^^^^) = °' + + ^ = 1^ + (^^^)'] • 

(2.11) 

Indeed, on introducing an auxiliary field, u, defined^ by 

4A 

i-d,iU, drU) = — {drA, d,A) , (2.12) 

the complex function 

£ = e^^ + iuj (2.13) 



^As we will see later on, this auxiliary field describes nothing but the passage from an electric 
to a magnetic potential and vice-versa. 
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then satisfies the complex differential equation 



known as the Ernst equation. Its real and imaginary part are exactly In this 

language, the Weyl potential A is simply given by the real part of the Ernst potential 
S, whereas rotation is embodied by a non-trivial u. 

Using the symmetries of complex functions, several methods have been proposed 
to obtain solutions of the Ernst equation ( p.l4| ) and hence to generate new metrics 



see 



rT| , p3| and references within). An elegant application appeared in Ernst's 
original paper [0, namely a simple method to obtain the Kerr solution from the 
Schwarzschild solution. This example also underlines the importance of the choice 
of coordinates. Indeed, let 

Then in spheroidal coordinates and for the Schwarzschild solution, it follows from 
( p.9|) and ( p.l3|) that ^ = x. Note that our new metric component ^ is now the 'radial' 
coordinate x, rather as in (p.2|) where a = i. We have adapted the coordinate system 
to the real part of the black hole Ernst potential. By symmetry, ^ = ?/ is also solution 
of ( |2.14| ), as is ^ = xsiwd + iy cos It turns out that this is nothing other than the 
Ernst potential of the Kerr black hole, where sin^ = a/M is the ratio between the 
angular momentum parameter and the mass of the black hole [pT|. 

In a similar manner, Papapetrou noted that if one makes the hypothesis A = X{uj) 
then the system (|2.11| ), with (|2.12|) , is integrable 0. Solutions obtained this way 



generally have non-trivial asymptotic properties and, in particular, Gautreau and 
Hoffman showed that the above hypothesis reduces the stationary Papapetrou 
system to a Weyl static system. They also showed that starting from the Weyl 
potential of the Schwarzschild black hole one could easily construct the TN solution 
0, which thus belongs to the Papapetrou class. 

We now proceed to generalise the work of Ernst and Papapetrou to higher di- 
mensions, including a non- vanishing cosmological constant. 

3. Rotating spacetimes and the Einstein-Maxwell-dilatonic (EMD) 
system 

3.1 Set-up of the field equations and their symmetries 

We consider D-dimensional stationary axisymmetric metrics of the form 

dsl = -e^^ {dt + Ad^f + e^'^-d^^ + Ije^^'rfx,^ + e^"" {di^ + dz^) (3.1) 

i=l 

^Note that here, ^ = {8^,8^), whereas m the Hterature ^ is often used to denote a three- 
dimensional gradient in cyhndrical coordinates. 
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where all the metric components are functions of r and z only, and we search for 
solutions of the vacuum Einstein equations with a cosmological constant 



Gab + AgAB = 0. (3.2) 

The metric ( |3.1|) possesses {D — 2) Killing vector fields, of which dt and are not 
orthogonal to each other, so that the spacetime is stationary rather than static. 
When D = 4, ( |3.1| ) is the most general stationary axisymmetric metric (which, when 
A = 0, can be written in the form (|2.1CI|)). For D > 4 multiple angular momenta 



are possible: here, however, we work with (|3 . 1| ) which can be seen as the simplest 
generalization, through the addition of a single angular momentum A, of a static 
axisymmetric D-dimensional Weyl solution. 

For the following analysis, it will be useful to recall (see for example that 
( p.l|) can be dimensionally reduced to a (D — 1) dimensional EMD system. Numerous 



higher- dimensional solutions have been obtained this way, |^3|, |Q. Indeed, Kaluza- 
Klein reduction of the metric (|0| ) yields, putting aside the question of the signature 
for the moment, a. {D — l)-dimensional metric together with a scalar field and a 
vector potential. More explicitly, if one starts from a D-dimensional metric Qab, 
with dynamics governed by 



Sd = j d^x^g [r - 2a) 



(3.3) 



and decompose qab as 



dsj) = e-^'"^dsl_^ + e2(^-3)«<^(du; + A^dx'')\ (3.4) 

then the {D — l)-dimensional metric g^i,, the {D — 1) form A,^ and the scalar field 
obey the system of equations derived from the action 



Sd-1 = I d^ ^xy/^ 



R~{D- 2){D - 3)a\d(l)f - Ig-'^^-'^'^'^F^ - 2Ae^'"^ 



(3.5) 

with field strength 

Ff^u = d^A, - d,A^. (3.6) 



Note that the dependence on the dilaton, 0, in ( p.4|) has been chosen so that the 
{D — 1) dimensional action (|3.5|) corresponds to the Einstein frame. Notice also that 
since A 7^ 0, the dilaton acquires an exponential potential. We now set 

^ (3.7) 



v/2(D-2)(D-3) 



so that the kinetic term for is canonically normalised, and in turn the dilaton's 
potential and its coupling to the field strength are completely determined. 
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We now generalise one step further and, rather than (3^), consider the action 



(3.8) 

where now the parameters 7 and 5 are arbitrary. Solutions to ( p.8| ) have been studied 
in the past (see e.g. |^) including spacetimes with non-trivial asymptotic behaviour 



] . Broadening the parameter space in this way will enable us to study the generic 
properties of the system of equations derived from (|3.8|), which are the subject of the 



remainder of this paper. Indeed, it is worth stressing that the black ring solution 
which is a five-dimensional vacuum solution, was derived from a four-dimensional 
solution of an Einstein-Maxwell dilatonic system [0. The solutions of (|3.8|) are, of 
course, solutions of the Z)-dimensional action ( |3.5|) with'' 

d = D-l, (3.9) 

if the coupling parameters take the specific values 



From ( |3.1|) , the ci-dimensional metric g^u in ( |3.8|) is fully diagonal and a Weyl metric. 

We suppose here that the vector potential in ( |3.8|) has only one non-zero 
component since we only consider a single angular momentum for the uplifted case. 
This non-zero component A^^ can be timelike (/i^, = 0), in which case the vector 
potential is said to be electric, whereas if it is spacelike (/i* 7^ 0), is magnetic. 
In both cases, we consider a diagonal d-dimensional metric of the form 

d-3 

dsl = -e'^^'dxl + J2e''''dx' + e'^'idr^ + dz'), (3.11) 

i=l 

where the functions f/^ (with = 0, . . . ,d — 3) and V only depend on r and z. 

When the c?-dimensional EMD solution is related to a D = d + 1 dimensional 
vacuum solution, i.e. when the coupling parameters satisfy ( |3.1(JD , then an electric 
solution can be uplifted to a D-dimensional metric of the form (|3.1|) via a double 
Wick rotation of the metric 



w ^ it (3.12) 

xo — >■ if- (3.13) 

In the magnetic case, one must not only use the double Wick rotation 

w ^ it (3.14) 

Xo iy (3.15) 

''Throughout this paper we wiU note by D the dimension of the uphfted metrics, whereas d wiU 
denote the dimension of the EMD spacetime. 
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where y is one of the space-hke coordinates Xi in ( |3.1|) , but also transform 
according to 

A^^^iA. (3.16) 

The case d = 3 is rather special since there is only one extra coordinate other 
than r and z. In the magnetic case, the extra coordinate, say xi, is necessarily 
spacelike which implies that the 3-dimensional metric is a priori of Riemannian 

signature. One can then obtain a Lorentzian D = A metric of the form ( |3.1| ) via the 
transformations w —>■ it and = Ai — > iA. 

When d = 4 and A = the electric and magnetic spacetimes are linked via the 
well-known electromagnetic duality relating strong to weak dilaton coupling, namely 

(f)^^ = -(j), F^, ^ F^, = le^<^e^,p.F^^ (3.17) 

We will discuss duality relations for A 7^ at the end of this section. 

Given these well-known preliminaries and notation issues, we are now ready to 
analyse the equations of motion coming from ( p.8|) with (7^1, given in ( p.ll| ). It is 
useful to define 



a 



so that the deviations, [/^, from the average, a, sum to zero: 

J2^, = 0. (3.19) 

11=0 

In terms of these functions the metric (|3.11| ) is given by 

dsl = e'^a-^^ {di^ + d7?) + 5^r7^^e2^-(rfx^)2 , (3.20) 

where rj^^, is the Minkowski metric. Let us also introduce the complex conjugate 
coordinates u and v such that 

r — iz r + iz ,272 ttt,/\ 

u = — ^ — , v = — ^ — , and Adudv = di + dz , r, zGM. (3.21) 



Then the equations of motion derived from ( p.8| ) are 

Aa = -2Aa^e^^-^'^, (3.22) 

= ^.(e^^~^^'a^^^Ay (3.23) 

■ = ^e^^a-^^e-'^* (^a)' - 2SAa-^^e'^-''^, (3.24) 
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a \ 
a \ 



d-3 



2{d-2 
e 



a 



a . 



a 



2{d-T 



(3.25) 

(/i ^ ^,) (3.26) 
{u^v), (3.27) 



where we have distinguished the component f/* = f/^, (along the direction in which 
the potential A^ is switched on) from the other components denoted by f/^. An extra 
equation exists for x but it is just a Bianchi identity so we omit it. The parameter e 
takes the value e = — 1 when the potential is electric, and e = 1 when it is magnetic. 
Equation (|3.23|) is simply Maxwell's equation, whilst equation ( p.24| ) is the equation 
of motion for the dilaton. Finally, the ordinary (complex) differential equation ( p.27| ) 
and its complex conjugate, where we have set U^^ = ^^^Iq ^^^^^ ^^^^ partial 
differential equations by restriction to their real and imaginary parts. 

For the following analysis it is expedient to rewrite equations (p.22|) -( pl27D in a 
form as close as possible to the original Papapetrou and Ernst formulation of the 
D = A equations of motion with A = (section |^). To do so we follow the following 
strategy: decouple whenever possible the field equations between them; use ( ^.22| ) 
to absorb the cosmological constant A; and finally render the field equations as inde- 
pendent of the dimension d as possible. Consider therefore the linear combinations 



d-3 
rf- 2 



d-3 
d-2^ 



5 In a) + 7f/* 



1 



{d > 3) 
{d > 3) 



(3.28) 



n = 7(0 -5 In a) -2f/, 
2iy = 2x - -\ In a. 



and we take \E'^ = for d = 3. From ( p. 191 ), it follows that ^/ 
defining the positive constant 



s = 7' + 2 



d-3 
d-2 



the equations (|3.22| - |3.27| ) simplify to 



Aa = -2Aa^~^e'^'' , 
= ^ . (e^a^+^^^A) , 

^ ■ (^a"^^^) = , {fi = 0,...,d-3) 



0. On 

(3.29) 

(3.30) 
(3.31) 

(3.32) 

(3.33) 
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a a s \ 1)1 

+ J^vl/J,^, [u^v). (3.34) 

These equations form the basis of the following analysis, and hence a few remarks 
are in order. 

First suppose that A = 0. Then, given ( ^.30[ ), a is harmonic and, as before. 



we can set a = r without loss of generality. Note then that equations ( p.31D -( P752D 



for A) and (|3.33|) for the potentials \E'^ completely decouple. The former pair 
are analogous to the Weyl-Papapetrou equations of (|2.11|) with, however, 7 and 



b arbitrary, whereas (|3.33|) are just Weyl potential equations (|2.3| ). The equations 
( |3.34|) , which we shall call integrability conditions, relate all potentials together giving 
the function v. Thus, we have shown that, when A = 0, the c/- dimensional system 
decouples to a "Lewis-Papapetrou pair" on the one hand and — 2 Weyl potentials 
on the other hand. Given the analysis of section ^ for A = and d arbitrary, the 
system involving a single A-component is therefore (essentially) integrable. Note 
that this decoupling is a consequence of three facts: we have set A = 0; ii) there is 
only one non-zero angular momentum and Hi) the choice of our metric components 
( p.28|) . Indeed, with the choice of (|3.28|) we can conveniently rewrite the matrix 



of potentials so that they are all diagonal modulo the 2 by 2 matrix involving 

When A 7^ 0, a is no longer harmonic and, hence, an adapted coordinate system 
for a can no longer be chosen: this is the major difficulty with the addition of 



the cosmological constant. Now (|3.30| ) gives v in terms of a which can then be 



substituted in ( ^.341 ) at the expense of raising the order of the equation. Furthermore, 
the different potentials ( ^.31| - |3.33| ) are coupled through a. Despite this, a number 
of symmetries can presently be identified and extended from A = to A 7^ 0, as we 
will now see. 

Consider in particular the possible generalisation of EM duality (|3.17|) . Given 



the form of Maxwell's equation (|3.31|) , define a dual potential uj through 

(-(9,cj, droj) = e^a^+^^((9,A, d,A). (3.35) 



This is simply the analogous of the second equation of (|3.17|) , with u the vector 
potential of the Hodge dual of F^^. In terms of u, the equations (|3.31| - p.32D and 
( p.34|) take the rather similar form 

= ^ . (e-^a-^-^'^^) (3.36) 
. (a^n) = |e--a-^-^ {^u^f (3.37) 
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(3.3^ 



Comparing ( ^.31[ - P75^ ) with ( |3.3(j| - |3.38| ), it is clear that, for A = ^ and = 4, one 
can associate to every given solution of (|3.31| - |3.3^ a dual solution of these same 
equations through the map 



SM 



A 

e - 



>UJ, 

— e 



(3.39) 



This is just the EM duahty. For A 7^ this duality no longer holds. Consider instead 
the map 



A 



n - 


-^n = - 




OJ - 


A = uj 




7 - 


7 = ±' 


y 


5- 


^5 = T 


5- 


e — 


> — e 





2(d-A) 
(d--2)7 



(3.40) 



It is straightforward to observe that any solution (1), A, \I^^) of ( ^.31[ - P^^ ) with given 
values of 7^ and e gives rise, through ( |3.35D , to a solution (fi, oj, \1/^) of the dual system 
( p.36| - ^^38|) with the same values of 7(5 and e and that the latter can be mapped to a 
new solution of (|3.31[ - |3.3^) through A. Unfortunately, the map A also alters ( p.30| ) 
and therefore the symmetry is lost. There is one exception and it occurs if and only 
if c? = 4: then A simply changes the sign of 7 or of 5 leaving ( p.30|) unaffected. As we 
will see in section ^, a consequence of this is that given a dilatonic electric solution 
with d = A and 7^ = —1, the map A can be used to generate a D = 5 dimensional 
magnetic solution (and conversely). Finally, note that whilst 



(PD 



A 



(a A 



(3.41) 



is built as an extension of the EM duality to A 7^ for (i = 4, it is not the EM 
duality (|3.17|) . Indeed, the EM duality leaves unchanged the action parameter 7 
and exchanges solutions within the same theory, i.e. with the same dimension (here 
d = 4) and the same parameter 7. In contrast, the transformation ( p.41|) with = 4 
and A 7^ exchanges solutions corresponding to different theories, i.e. with different 
parameters 7 and 5. In other words an uplifted D = 5 rotating solution will always 
be mapped to a c? = 4 EMD solution and not to a new D = 5 solution. 



®Note that the parameter S is redundant in the absence of a cosmological constant and can be 
set to any value. Here we take (5 = 0. 
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3.2 Ernst potentials with a cosmological constant 



We now proceed to generalise the method of Ernst to A 7^ and d > 3. In analogy 
with ( p.l3| ), let us define a complex potential 



(3.42) 



Then, in the electric field case only, e = — 1, the Maxwell and scalar field equations 
( p. 361 ) and ( |3.37| ) reduce to the single complex equation 



75 d — 3 

— H 

2 d-2 



Re(S) — . (3.43) 
a 



For A 7^ 0, a is not a harmonic function and therefore there is an extra term in the 
Ernst equation relative to its original form ( p.l4|) . 

In the magnetic field case, e = +1, equations (|3.36| ) and (p.37|) can no longer 
be written in such an Ernst form. However, one can return to the system ( p.31j ) 
and (|3.32|) : in the magnetic field case e = +1 only, these may be derived from the 
potential 

(3.44) 



e 2 a 2 jf- i-^A 



with corresponding equation 



a V +y Re(^+) V 2 d-l) ^ ^ 



(3.45) 



Let us now consider the cases where the last term on the RHS of ( p.43| ) or( p.45| ) 
vanishes. The electric or magnetic Ernst equation then reduces to the standard one 
( p.l4| ), however with the difference that a is not harmonic. Furthermore, in these 
cases, we note that ( |3.33| ) or ( |3.45| ) can be derived from the two-dimensional action 



So 



dr dza(r, z) 



(1=0 



(3.46) 



where S stands for either or Thus we have ended up with a non-linear a- 
model, whose target space is spanned by the coordinates {S,S*, \l/^) and is endowed 
with the (i-dimensional metric 



d£d£* 



where, as in ( p.l5| ), we have set 



/x=0 



didc 



d-3 
Ai=0 



8 = 



e+1 



(3.47) 



(3.48) 
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The target space is thus a (i-dimensional Riemannian manifold which is locally iso- 
metric to EI2 X M"^"^, where HI2 is the hyperbolic plane. 

This symmetry can be exploited only if it is respected by the integrability con- 
dition, ( |3.34| ) or (|3.38|) . For both eletric and magnetic cases, this is possible only if 
s = 4. Indeed, in this case, the integrability condition can be conveniently rewritten 
in terms of ^'^), as 



2v 



a 



a . 



a 



£u£:u 

{£ + £*) 



d-3 



(3.49) 



where, up to a renormalisation of the \E'^ fields, we recognise on the RHS the target 
space metric Gd- Since the fields {£,£*,'^^) only enter the field equations through 
Gd, each transformation of the target space isometry group leaves the field equations 
invariant. For example, the transformation 



(3.50) 



is clearly such an isometry and for each constant phase will yield a different solution. 
Thus we can generate different solutions of the field equations through the action 
of the universal cover SU{1, 1) x Ed-2 of the isometry group S0{2, 1) x Ed^2 of the 
target space. 

It is interesting to reflect on a geometric interpretation of the field equations 
( p.30[ - PTS^ , or ( |3.36[ - P755D . Note for a start the volume element drdza appearing in 
(3.46). For A = 0, in ( 3.4(j| ) the manifold over which integration takes place is the 
3-dimensional flat cylindrical metric. When A 7^ 0, on the other hand, the metric is 
still axially symmetric but is no longer fiat 



dr^ + dz^ + a{i,zfdip^ 



(3.51) 



It is intriguing to note that the scalar curvature of (|3.51|) is given by the component 



e^" via equation (|3.30| ) and this, in turn, says that in the presence of the cosmological 



constant, (|3.51|) is a curved metric whose curvature depends on £ and \E'^. Actually, 
the LHS differential operators acting on £ and \E'^ in ([3.311 - ^1331) , or (|3.36| - |3.38D , are 
the Laplace operators associated to the metric ( p.51J ). In some sense, the integrability 
condition ( p.34[ ), or ( |3.38| ), can be seen to relate the 'geometry', on the LHS, to 
'matter', on the RHS of the field equations. This geometric interpretation is another 
way to approach the field equations that deserves future study. 

For the magnetic case, the two conditions on 7 and 5 discussed above are equiv- 
alent to ( 3.1(J| ), which corresponds to the case where the dimensional system can 
be uplifted to a D-dimensional solution. For the electric case, the two conditions on 
the couplings are 

/2(rf- 1) rf-3 
1 = MI \ 75 = -2:^, (3.52) 



d 



d-2 
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where the first condition ensures that the integrabihty equation ( p.38 ) can be written 
in the form ( p.49| ) with, whereas the second condition ensures that the last term on 
the RHS of (|3.43| ) vanishes. In the particular case d = 4, it is possible, using the map 
A, to relate an electric EMD d = 4-dimensional solution to a magnetic 5-dimensional 
solution. This is an interesting way to lift dilatonic electric solutions to 5 dimensions. 
To summarize, we have the following diagram 



7(5 = 1 
7(5 = -1 



(5'5)Magn. 
A 



5(7(1,1) 



(S'^Magn. 
A 



{gi®A® $)Elec. ^^^^'^^ ^ (g'i ®A'® $')eicc. 



3.3 Extending the Papapetrou method 

We now consider the generalisation of a construction technique of Papapetrou [0 
which was originally carried out in 4 dimensions with A = (see section |^). Here 
we consider the general case of a (i- dimensional EMD system with A 7^ 0. We will 
show that when the real potentials Q and are functionals of the EM potential A 
or uj, the d-dimensional EMD system reduces to a Weyl system with A 7^ provided 
certain constraints on the coupling constants 7 and 6 are satisfied. 

We will consider simultaneously the two cases Q = Q{A) and Q = Q{uj) and 
write generically Q = Q{X) with X = A,uj. In both cases, the equations ( p.31| - P752D 
and ( p. 36^3.3'^ ) reduce to 



a 



+ qn'C^xy = 



n' 



AX + ^.^X 

a 



where a prime denotes an ordinary derivative with respect to X, provided 



(3.53) 



|fi"_^e''^}(^X)2 = 0. (3.54) 




j6 = for X = A 

= -2^, for X 



LU. 



(3.55) 



The conditions on the couplings, which are the same as those encountered in the 
previous subsection, are necessary to get the same expression in the brackets on 
the left hand side of (|3.53| ) and ( p.54|) . Taking the difference we get the ordinary 
differential equation 

(3.56) 
(3.57) 



se 



y\2 







with solution 



-qU 



[-'-fx' + hX + ko) 
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where ki and ko are some integration constants. The same trick can be used in ( p.33| ) 
for each once we let = The solution reads 

vI/'=Le''^ (3.58) 



where the /^'s are again constants of integration. 
It is now convenient to introduce the function 



dx 



— {eqs/4)x'^ + kix + fco ' 



(3.59) 



so that, using (|3.57] ), (^5^ = 2Ae^''^(X„)^. A is a free constant which we now fix 
by taking into account the last equations — the integrability conditions ( |3.34| ) and 
( |3.38| ) — which become 



^V,u 

a a 



2sX 



^(.^-16)-^^^^ 



Hs-4) 



(3.60) 



1=1 



Requiring that the RHS of the above equation be independent of X yields s = 4 or, 

(3.61) 



according to (|3.29|), 



7 = ±- 



/2(rf-i; 



id -2] 



In this case 



^p(X) = -qe\/2\ < 



^/kl+4qeko yX-{qek-,/2) + y/(kf/4)+q€ko 



X-qeki/2 



y/-qtko-kl/4: 



+ Cl, 



arctan 



X-qeki/2 
y/-qtko-kl/4 



+ C2, 



where Cq, Ci and C2 are integration constants. Then on choosing 

.2 N D-4 



1 

X = ^Ul+i^ + 2eqko 



ki > —Aqeka 



kf = —Aqeko 



kf < —Aqeko 
(3.62) 



(3.63) 



i=l 



the integrability equations ( |3.34| ) or ( ^.38| ) reduce to 



2z/, 



a 



a 



[U V) 



(3.64) 



When Vt = Q{A), the conditions on 7 and 6, ( |3.55| ) and ( |3.61| ), are equivalent to 
( ^.10| ), i.e. to an uplifted D dimensional rotating spacetime. Thus, as stated earlier. 
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under the hypothesis ( p.55| ) and (|3.61|) , each D = d + 1- dimensional Weyl solution of 
Einstein's equations yields a family of D-dimensional stationary and axisymmetric 
solutions. Indeed, the field equations ( p.31| )-( p^ ) reduce to 



^ ■ (^a^^) = 0, 



a 



a . 



a 



[u ^ V). 



(3.65) 
(3.66) 

(3.67) 



The Weyl metric element is (here we take e = —1] 



_gV (0-2) 



D-3 



i=l 



(3.68) 

where ip is given in ( |3.59[ ) with q = 1, X = A and s = 4. Note that even if D > 4 we 
have only a single Weyl field cp in ( |3.65[ - P^B7D since we have assumed a single angular 
momentum component A in ( |3.62| ). The metric solutions obtained this way have a 
very particular form. Indeed, using (|3.571 ) and (|3.59| ) (see also ( p.76|) ), we find that 
a rotating spacetime metric reduces to 



ds' 



e^"a {dr + dz^) + a~- 



I D-4 



VA' + hA + ko 

D-4 



{-dt^ - 2Adipdt 



+ {hA + fco) V) + eV e'*' idx'y 



i=l 



with 



(3.69) 



(3.70) 



When, in turn, Q = Q{uj), then ( ^.55| ) and ( |3.61| ) give 

7 = ± 



'2(d- 1) 



(rf-2) 



S = ^(d-3), 



{d-2){d-l) 



(3.71) 



which is not equivalent to a D-dimensional system but is a particular EMD d dimen- 
sional system. The duality of the previous section, however, tells us that when d = 4 
in particular we will be able to map any Papapetrou solution to a D = 5 rotating 
spacetime solution. For the dual system, the field equations reduce to 



_ (d-5) 



Aa = -2Aa (d-i)e^'', 
^ ■ (a^<p^ = 0, 



a 



a . 



a 



1 2 



[u ^ v] 



(3.72) 
(3.73) 

(3.74) 
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where 93 is given in ( 3.59 ) with q = —1, X = uj, s = A (see in particular ||40|| ) . 
Note that for d = 4 equations ( p.72[ - ^r7^ ) are identical to ( p.65[ - ^l67| ) for D = 5 in 
agreement with the duality map A. 

Indeed, as discussed in section ^ Papapetrou's construction was originally carried 
out for the dual system and then mapped in D = 4 dimensions via EM duality. In 
other words, one supposes rather that Q = Q{uj) and evaluates A independently from 
( ^.351 ). In crude terms, this means that the rotation field A will generically depend 
on a different coordinate from Q and the metric will not be of the specific form (|3.69| ) . 
In the absence of a cosmological constant we can apply the same method in arbitrary 
dimensions: when A 7^ 0, however, we can only do so for D = 5. 

In it was shown that the system ( |3.65|) - (|3.67|) is completely integrable if one 
makes the hypothesis that if depends only on one of the two coordinates, say z. 
It then follows that the canonical components A, fl, must also depend the same 
variable z. Furthermore, from ( |3.66| ), a is separable: 

f{T)g{z), g{z) = — (3.75) 



a 



where c is a nonvanishing constant if <y9 ^ 7^ 0. The remaining two equations ( ^.65| ) 
and ( |3.67| ) then give /(r) and g{z). As was discussed in there are three classes of 
possible solutions: class I with f\y. = 0, class II with g^^ = 0, and class III with both 
f,r, fi'.z 7^ 0. We will return to these in sections | and || where we discuss solutions in 
D = 4,5 dimensions. Finally, note that the same method also gives a large class of 
solutions to the dual system given in (|3.72| - |3.7^) . 



3.4 Set-up for uplifted spacetimes in D dimensions 

In this section, we focus on D-dimensional solutions which can be obtained from 
uplifting d = D — 1 dimensional EMD solutions. We start by summarizing our 
results in this specific case, corresponding to values of 7 and 6 given in ( |3.1CI| ). From 
( |3.4j) , ( 3.11 ) and ( |3.28 ), the metric in the electric case (following a Wick rotation 
Xo — *■ iif and w it) corresponds to a rotating metric. 



ds' 



I D-4 
2(D~2) 



-e^{dt + Adipf + e~dip^ 



D-4 



+ 



(3.76) 



The pole at D = 4 is artificial since then the \E'^ = 0. After an analytic continuation 
of the time coordinate Xq ixn-i, the magnetic spacetime is given by 



ds'^ = e'^''a~~^{di'^ + dz^) + a~^- 

. D-4 



/ D-A 
2{D-2) 



e 2 {dw + AdifY + e 2 dip'^ 



(0_2)(D-4) 



i=l 



+ 



(3.77) 
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which is a purely Riemannian. 

From ( p.30|) -( p.34D , the field equations take the rather simplified form 

Aa = -2AaT^e^'', (3.78) 

= ^ . (^e^a^Aj , (3.79) 

■ = 2 e (^A^ ^ , (3.80) 

■ (^a^^^^j = 0, fx = 0...d-3 (3.81) 

-^ = \ (<u + Ik) + + E 



(m ^t;).(3.82) 



The electric Ernst potential ( p.42| ) now reads 



62 a + iu, 



replacing (|379| - p:80D by 

a V 



Re{£. 



a 



In the magnetic case, e = +1, (|3.44| ) becomes 



+ lA 



with corresponding equation 



( ^) Re(£^4 



(3.83) 



(3.84) 



(3.85) 



(3.86) 



where, as we have already noted, the extra term of (|3.45| ) drops out. 

A particular class of solutions can be found taking advantage of the 'decoupled' 
form of the field equations (p.78[ - p.82D . Indeed, suppose that a and v only depend on 
r whereas f2, ^> ^ and A only depend on z. In that case the equations decouple into 
two separate systems of ODEs; one r-dependent for a and i/; and one z-dependent for 
the remaining fields. Following the geometric interpretation of section 3 this amounts 
to splitting contributions from geometry and matter and treating them separately. 
The r-dependent system reads 



a 



2.'^ = ^ 



-2Aao-2e 
II 



2u 



(3.87) 

(3.88) 
a a 

where a prime stands for a derivative with respect to the unique variable r. The 



system here is identical to the one appearing in [^, [S^] and the solution reads 

e^"" = a' (3.89) 
/i 



a 



iD-2) 



2(D-2)A 
(D-l) " ■ 



(3.90) 
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where is some real integration constant. In 1 52 1 if z is a spacelike coordinate then 



the solutions of (|3.90|) can be coordinate transformed to an adS soliton |50|. On 



the other hand, if z is a timelike coordinate ||51| one gets an adS planar black hole 
(see section 5). So we anticipate to recover these two solutions as a special case and 
furthermore to obtain continuous deformations of these. We will present these in 
detail in Section 5 for D = 5 dimensions. 

Observe that all equations are independent of D except ( p.78| ) when A 7^ 0. The 
metrics ( 3.7(: ) or ( p.77| ), however, themselves depend on the dimension. Therefore, 



the form of the D-dimensional field equations dictates an important result: for A = 
and given a D-dimensional solution, we can always construct a higher dimensional 
D + n {n positive integer) dimensional solution. Indeed, recall first that when A = 0, 
a can be taken as the radial coordinate. Now, suppose one takes a known D di- 
mensional solution (fi, y4, ^E'^i), where = 0, . . . , D — 4. Then, a new Z) + n solution 
(fi. A, '^1)1 for = 0, . . . , D + n — 4, can be obtained from the D-dimensional solution 
simply by calculating the new Weyl potentials from (|3.81|) , so that i^D+n is given by 



direct integration of (|3.82|) . That this is a new solution of the Einstein equations is 



due to the fact that (|3.82|) relates the different potentials together independently of 



the spacetime dimension. To summarise, taking an arbitrary stationary and axisym- 
metric solution in 4 dimensions, such as Kerr or TN say, we can construct higher 
dimensional solutions by adding n extra Weyl potentials. Unfortunately this prop- 
erty is spoiled once we switch on A, since from ( ^.781 ), the component v becomes a 
D dependent quantity and a is no longer free. 

Conversely, for A = 0, a higher dimensional stationary solution of axial symmetry 
with one angular momentum will always originate from a unique 4 dimensional seed 
solution with the same Ernst potentials £±. Consider, for example, a known D + 1 
dimensional solution and let us look for the D-dimensional seed solution. The only 
unknown metric component isvD which is immediately given from direct integration 
by ra), 

a 1 

2(z/(D),« - = -^^5^, {u^v). (3.91) 

It will be be useful for applications to define a = i^{d),u — ^{d+i),u and to rewrite the 
above equation in terms of r and z: 

QJ 

^'^ = - 8{a\ + a\) t"'^^"^' " + '^<y.^.^,r] . (3.92) 

Note that these equations are particularly simple in Weyl coordinates. Simple ex- 
amples of this and of previous methods will be given in the following sections. 
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4. Examples in D = 4 dimensions 



The aim of this section is two fold. First, we make the connection between our general 
analysis of section |^ and the well known results of D = 4 and A = general relativity 
(as summarised briefly in section ^ . Second, we give examples of Ernst potentials 
for well-known GR solutions, though now extended to the case of spacetimes with 
non-zero cosmo logical constant, A 7^ 0. 

Our general starting point is the electric EMD system (|3.3(]| - |373^) which reads 
for d = 3 

Aa = -2Aal-^e2^ (4.1) 



■ ("^S^) + ^^"(^-4)^ = 0. (4.3) 
+ + '^e^(^Af = i (1 - ?1 ^. (4.4) 



472 ' ' 4a^-^^ ^ ' 2 V 2 y a 

2--- - ^ = ^(^-) - iu - .)(4.5) 



From ( p.lO| ), for the special values of the coupling constants namely 7 = 2 and 5 = 1, 
we can uplift to a D = 4 dimensional axisymmetric and stationary spacetime. Using 
( |3.76|) , the metric in the above components reads 

ds'^ = e^^a-^^^idi^ + dz^) + ae'^dif'^ - ae§ {dt + Adiff. (4.6) 

Note that the metric components differ from the original Weyl-Papapetrou ones 
( ^lOl) . Indeed, the Weyl potential A is now given by e^^ = ae 2 , although A and 
obey a similar differential equation (compare (|2.11| ) and ( |4.3|) ). Furthermore, when 
A = the component a is harmonic and is the radial coordinate r in (|2.10| ). These 



slight differences are important, and result from having chosen variables which absorb 
the cosmological constant term in the field equations ( [1. 1^4.51 ). 

In the magnetic case, the 4 dimensional metric is of Euclidean signature and 
corresponds generically to a Euclidean instanton solution 

ds'^ = e^''a"^/^((ir^ + dz^) + ae~^d(/ + ae^{dw + Adiff. (4.7) 

As discussed in section |^, given the absence of an EM duality transformation 
( p.40|) when A 7^ we can define two different Ernst potentials £±] given 



in (|3.83|) for the electric spacetime (|4.6|) , and £+{A) given in (|3.85| ) for a magnetic 



spacetime. The electric potential 8- is identical to the original Ernst potential ( p.l4| ) 
for the metric ( |4.6| ). As was discussed in section ^ the electric Ernst potential and 



corresponding Ernst equation were used in [^, to generate new solutions for 
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A = such as, for example, Schwarzschild spacetime using spheroidal coordinates 
( p.5|) . Here, lacking a relevant coordinate system for A 7^ 0, we merely construct the 
relevant potentials for some well known solutions. 

Consider first Carter's metric |14| which describes a rotating Kerr black hole in 
an asymptotically adS spacetime: 

,2 A/ asin^e \^ Aesin^e / r^ + a\^^ 
ds^ = — - I at — dip I H I adt — d(p 

P \ / P \ 

where k is the curvature scale of adS, M is the black hole mass, a the angular 
momentum parameter and 

A = (r2 + a2)(l + fcV^) -2Mr, (4.9) 
Ae = 1 -a^fc^cos^^, H„ = 1 - a^A;^ (4.10) 
= r'^ + a^cos'^e, A = -3A;l (4.11) 

As a general rule, metrics with a cosmological constant cannot be written explicitly 
in the coordinate system chosen in (O). However, this is not a problem since we 
can transit to the coordinate system of (|4.8|) by setting 



_ = di\ — = dz\ (4.12) 
A Ae 

meaning that z and r are implicitly given as functions or 6 and r, respectively. Using 
( [4.6|) , this is all we need to know in order to identify the different components: 

sin 6 



a = ^VAAe, (4.13) 

' — 'a 

asm^9{A- Ag{r^ + a^)) 
Eaia^Ae sin^ ^ - A) 



AAgp^sinH ' ^ ' ' 

e^- = pW/^ (4.16) 

Using ( p.83| ) and (|3.35| ) one finds that the electric Ernst potential for Carter's solution 
is given by 

^_ = 4 (A - sin^ 9Ae - 2ia cos 9(k^p^r + M)) . (4.17) 

If there is no rotation, a = 0, the Ernst potential is real and corresponds to Kottler's 
black hole [Q. For M = we have pure adS but the potential is still complex 
since the metric has non-zero angular momentum^. If A = 0, is the usual Ernst 



^This is quite unlike the situation for Kerr's solution at asymptotic infinity. 
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potential in the coordinates of (4^)- Considering a = ia and t = —iw we obtain the 
magnetic Carter instanton (see [|19|)- The corresponding magnetic Ernst potential 
is, according to (|3.85|), 



^+ = ^ ''2! - 2m (V^ep'-^asine{A-Ae{^-a'))) . (4.18) 
:ia[A + a^A0sm 0) V / 



Another interesting example is Taub-NUT spacetime with a A term IIQ, 14 



ds^ = -Fir) idt + Ad^f + + (r^ + n^)dn]r (4.19) 

F[r) 

with 

A = 2n cos 6, 

F(r) = — + if + Qn^y - 2Mrf - n\l^ - M^)] . (4.20) 

The constants M, / and n are the mass, the length scale I = 1/k and the Taub-NUT 
parameter, respectively. The electric Ernst potential is simply 



with 



= F(r) + iw(r) (4.21) 



^ = -r?r-9 - "^^^ + ^^^) - -PT arctan(r/n), (4.22) 



whereas the magnetic potential is given by 

sin O^/r"^ — n^ 

£+ = ) — + 2in cos e, (4.23) 

v/F(r) 

where we have taken n = m to obtain a Riemannian metric. Switching off the Taub- 
NUT parameter yields the relevant static Kottler potential, and in the limit / —>■ 00 
we obtain the usual A = potential. Indeed, in this A = case, the TN solution 
was demonstrated in (see also section 0) to be of the Papapetrou class: given u 
in ( |4.22| ), it is possible to show that the relevant Weyl potential — F{r) in ( [4.2U| ) 
— is also a function of u (note already that u and F only depend on r unlike A). 
Furthermore, this result ties in with the fact that, quite generically, Papapetrou type 
solutions have non-trivial asymptotic properties. Indeed, note that the 6 dependent 
A potential in ( [4.19|) is non- vanishing in the large r limit. 



When A 7^ 0, we can longer do this trick since the Papapetrou ansatz works only 
for Q = Q{A) and there is no duality relation to take us to = Q{uj). This fact, 
following the integrable cases of [^, limits the solutions to be in one of three classes 
(see the discussion at the end of subsection |3.3| ). For class I solutions in particular, 
there is an extra Killing vector field and the solutions in question are stationary and 
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cylindrically symmetric. When the extra Kilhng vector is null we obtain pp-wave 
solutions Such solutions can be obtained directly combining the results of the 
previous section with |2^. To illustrate the method we restrict ourselves here to a 



simple example. Start with the Weyl spacetime ^ 



ds = {cosh.{kx)y 



where k is the adS curvature, and the potential V given by 

y 



+ dx^ 



(4.24) 



(4.25) 



The solution is regular at the adS horizon and there is an event horizon at = 
0. It describes a 3— dimensional planar BTZ black hole embedded in a locally 
4— dimensional adS spacetime. Furthermore the metric ( [4.24|) is a solution of the 
Weyl system (|3.65H3.67|) with 



a 



{cosh{kx)yyWV 



a 



(4.26) 



According to ||2^ it is a Class III solution since a is a function of x and y. It is now 
straightforward to calculate A and Q ( |3.57|) for the stationary version ( p.76| ). Here, 
for simplicity, we take ko = obtaining 



A 



kiV 



klv 



(4.27) 



Thus metric ( p.76| ) reads 
c/s^ = cosh^(A;x) 



;dy'^ - dt^ 



(4.28) 

It is also possible to construct a deformed adS soliton (or planar black hole) as 
we will explicitely show for D = 5 in the next section. 



5. Examples in D = 5 dimensions 

As we stressed earlier, the EMD = 4 system and the uplifted D = 5 system 
have unique properties: in particular, the duality relation ( p.40|) applies even in the 
presence of a cosmological constant, and it can be used to bring Ernst's equation 
into its usual A = form. The duality can also be used in relation to Papapetrou's 
method. Last but not least, for A = we can construct an infinity of solutions 
seeded from given D = 4 stationary and axisymmetric solutions. We examine these 
properties one by one giving examples as we go along to illustrate them. 
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Our general starting point is again the electric EMD system ( 3.30 - 3.34 ), which 
reads for d = 4 and for arbitrary couplings 7 and S: 



a 



Aa 



— 2Aa2 2 e 
0, 

0, 
0, 



2u 



a 



a , 



a 



7^ + 1 



2^ 



0,u + 



+ 



(5.1) 
(5.2) 

(5.3) 
(5.4) 

(5.5) 



A solution is thus given by a set of functions (a, A, Q, \E'^,), such that the dilatonic 
metric for arbitrary 7 and 5 reads 



(dr^ + dz^) e^^'e^^e^'^a'^ + e ^^+1 a 



2{27*t-n) 

e ^'+1 + (i-?/'^ 



(5.6) 



with dilaton = '^"^'^'^* +^lna and potential A. According to ( p.4| ) and for specific 
values 7 = 1/5 = -\/3, this corresponds to a D = 5 dimensional stationary spacetime 



ds' = {di^ + d7?) e^'^a-^/s ^ ^2/3 



e V6[-e2(cit + ylrfv?)^ + e~(iv3^] +e ^^ (i?/'^ 

(5.7) 

Let us dwell on the duality map ( |3.4CI| ). First, it is important to note the 7 and 
5 dependence of the field equations when spacetime is stationary and A 7^ 0. Since 
the duality takes us from a 7^ = 1 spacetime to 7^ = — 1 spacetime it cannot be 
used to map between 5 dimensional solutions. A D = 5 dimensional stationary and 
axisymmetric spacetime will be transformed into a = 4 static and axisymmetric 
solution with scalar and magnetic/electric charge. 

Suppose, however, that we have instead a D = 5 static spacetime i.e. A = 0. 
This corresponds to some Weyl solution with cosmological constant In that 

case the map (p.40| ) indeed takes us from a D = 5 dimensional to a D = 5 solution. 
This is obvious from the form of the action ( p.8|) . A sign change of 6 can always 
be compensated by a sign change of the scalar field 0. For the metric, consider 
7 = — 1/5 = -\/3 whereupon the D = 5 solution now reads 



{di' + dz') e'^a-'/' + a'/' je"^ (-e^rft^ + e^d^j'^ + v} • (5.8) 



ds' 



The duality A which takes us back to the static version of (|5.71 ) is simply a double 
Wick rotation. As an example, the D = 5 adS Schwarzchild solution, 

dr'^ 



ds' 



r'^V{r) 



+ rfr - V{r)dt^ + cos' 



+ r' sin^ edip' 



(5.9) 
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with V{r) = 1 — l^r^ — ^, is transformed by A into 

ds^ = r^( + doA + V(r)d^^ - cos^ Odt^ + sin^ Qd^'' (5.10) 

which is nothing but the adS sohton |^ . 

A stationary rather than static example is the 5 dimensional A-Kerr solution of 
Hawking et. al [Jl6[ with a single angular momentum. The metric reads 



,2 A/, asin^e \^ Aesin^e / , + , ^ ^ 
CIS5 = — - I dt — dip I H I adt — dip 



.2 ^ _ 

V ' J P 



+ pU — + — ]+ cos' edip^ (5.11) 
V A Ae J 

with a, M, k the angular momentum parameter, the mass, and adS curvature scale 
respectively and 

A = (r2 + a2)(l + A;V) -2M, (5.12) 

Ae = 1 - a^A;^ cos^ ^, Ea = l-a^k', (5.13) 

p' = + a^cos'9, A = -6k\ (5.14) 



Using ( |5.7| ) and applying the same trick as in ( [4.8[ ) it is straightforward to identify 
the components, 

r cos 6 sin 6 



a = ^ VAAe, (5.15) 

' — 'a 



A 



Eaia^Ae sin^ 9 - A) 
El{A-a^Ae sinHf 



AAep4 sin^ e 



tan6' / ^ ^ 
e = ^VAAe, 

^a'" COS 6' 

where implicitly we perform the coordinate transformation di = dr/\/~A and dz = 
d6/\fA0. In order to use the duahty we need to evaluate the dual potential (|3.35| ), 
cu, defined by {—d.^uj , dj-u) = e^a{dy-A,dzA) (recall that in 5D, 7^ = 1). We obtain 

a; = -^^(/x + A;VV), (5.16) 
P 



The duality map ( p. 401 ) then takes us to a ci = 4 EMD solution with 7^ = — 1 

A 

S V A ' AeJ ' p"2 



, 2 VAAep sin 6 
ds 



^jA-a'Aesin'e 



p' fdr^ de^\ A-a^Agsin^^ , ,2 2 2 
^ — + — + dip' + cos^ 



(5.17) 
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with scalar field 



2^ S^fA - a^Afl sin^ I 



AAep2 sin^ 9 



(5.18) 



and potential (|5.16|) . The (electric) Ernst potential ( p.83[) for the rotating black hole 
(iHD is 



r cos6'(A — a^Ag sin^ 6^) acos^6', , 9 9 

S- = ^ - i — (2M + A;VV) 



P^ 



(5.19) 



and shares a rather similar form to its 4 dimensional rotating counterpart ([4.17|) . 

As discussed in section 3.1, a convenient way to generate solutions using the 
Ernst potential |jTl| is to set 

e-1 



(5.20) 



where ^ is a complex field depending on (r, z). In terms of ^, equation ( p.45| ) now 
reads 



1^ / ^ \ 2r(^^) 



(5.21) 



where a star denotes complex conjugation. In this representation of the potential, 
( ^.21|) is invariant under the complex transformation (|3.5CI|) . Therefore a simple trick 
is to start with a real Ernst potential say, S+, for D = 5 in other words a Weyl 
solution. Let us take an adS/Sch solution (|0|) as an example. We have 



-n/2 



V 



r sin 9 



and therefore, from ( ^.20 ) 



V + r sin 9 



r sin 9 



(5.22) 



(5.23) 



Then we can apply ( |3.50| ) for a convenient phase say = 7r/2 in order to obtain an 
imaginary ^. The newly generated Ernst potential from ( 5.201 ) is now complex and 
we find 

, 0/9 / 2VVrsm9 V - sin^ 9\ 

^ ' ^ = T/1 2 • 2n ^ -77—^-^ • 5.24 
\V+r^ sm 9 V + r'^ sm 9 I 

Inserting this Ernst pair {Q,A), together with a, v and \E'* from (^.9|) , into (|5.71 ) 
gives a rotating solution. 

Let us now briefly present an example solution following the Papapetrou method. 
Our starting point this time is a Class II solution of |^ 



' e-'-^^de + e^^\dxl + dxl)) + -^{di^ + d??) 



-2A 



(5.25) 
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which is static and axially symmetric. Setting for simphcity fco = and /q = we 
obtain ^ = and from (|3]6|) and (|]6D 

2 kie 



a = e\ ^=d^z, A= - (5.26) 

upon which using ( p.69| ) gives a solution in rotating coordinates. 

As we mentioned in Section 3.3, a special class of solutions can be found by 
supposing that a and u only depend on r whereas Q, and A only depend on z. 
The r-dependent part is given by ( |3.9CI| ) and is the same as in From 
( p.79| - ^^82|) , we deduce the second subsystem for the z dependent part 



e^ij = (5.27) 

n + It^j^ = (5.28) 
^ = (5.29) 

where a dot now stands for a derivative with respect to z. From ([5. 291), we deduce 



vl>(z) = ^, (5.31) 

where (3 is some real integration constant and we have taken \E'(0) = as a choice 
for the origin of the z coordinate. Now, from (|5.27| ) 

A = Xe-^, (5.32) 

where A is a real integration constant. Substituting ( |5.31| ) and ( |5.32| ) into ( |5.3U| ), we 

get 

+ = 4A2e-^ . (5.33) 

When A = and /? = then A, fl are constant and \1/ = 0. As we anticipated the 
metric reduces to 

ds^ = (-ii + kh^) dz^ + + r^ i-dt^ + d^^ + (5.34) 

J.2 ~r 

which is nothing but the planar adS soliton^^ [5^]. When /? 7^ and A 7^ on the 
other hand we obtain a non-trivial deformation of this solution. We get 



^'^though there the fields = ^ = = since the D — 2 dimensional subspaces are of maximal 
symmetry. 

^^By a suitable double Wick rotation one can get a planar black hole with a compact Euclidean 
horizon. 
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and the five dimensional metric reads 

ds"^ = -r^e^ ^r^sinC^zy {dt + A{z)d(f)f + * 



4 + kh^ 



+ {-t + tV) + .VS.,^ + (5.36) 

We can go one step further by absorbing A/2/5 in 0, renaming (3 ^ 2(3 and considering 
the translation z — z + We get 



+ r2 



-ii + Pr2 



ev^l cos(/3z)| [-cit^ + dcj)^ + 2 tan(/?z)(itd0] + e v^ci^^ (5.37) 



This solution is clearly a continuous deformation of the adS soliton which is ob- 
tained for /5 = 0. The metric is not however everywhere C^; for every 2; = nvr + ^ 
there is a discontinuity in the first derivative with respect to z which indicates the 
presence of 5 sources to account for these jumps. The parameter 1/(3 indicates the 
distance between the singularities. Also we can easily show that for r = constant 
the induced 4-dimensional metric is a vacuum solution to the 4 dimensional Einstein 



equations. Surprisingly the deformed solution ( |5.37|) and the adS soliton have the 
same Krestschmann scalar indicating that the deformed solution is again regular. 
Note that the z coordinate varies throughout the real line because of the exponential 
warp factors, which for z negative and large effectively reduce the t — (p dimensions, 
whereas for z positive and large, reduce the i() dimension. This solution has no 4 
dimensional counterpart since the extra Weyl direction has to be switched on (|5.31| ). 
When /3 = but A 7^ we get 

A{z) = (5.38) 

and the five dimensional metric reads 

= M 2 + f ~4 + ^^^^) + (-^zrft^ + 2dt dcj) + . (5.39) 

Notice that, unlike the previous case, this solution can be Wick rotated to a non- 
static black hole. Indeed, let us take 

r ^ ir (5.40) 
^ ^ # (5.41) 
t 9 (5.42) 
z^t, (5.43) 
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to get 

= - (-4 + kh'') dt" + ^ ^ + ^ rf0 + . (5.44) 

V r / + /c r 

Although this metric has similar structure as the planar adS black hole the horizon 
surface here has a non-trivial curved embedding depending on the coordinate time 
t. This solution is not a continuous deformation of the black hole solution and 9^ is 
a null Killing vector. This solution can also be written in D = 4 by simply taking 
ip = constant and using instead the 4 dimensional black hole potential. 



6. Constructing solutions for A = 

As we pointed out in Section 2 we can construct solutions in a. D + n dimensional 
spacetime starting from a known seed solution in D dimensions. This is possible as 
long as A = 0. Say we start from some 4 dimensional solution which can even be 
flat spacetime. Then for each Weyl potential \1/ solution of ( |3.81| ) one can construct 
a new D = 5 dimensional solution finding the relevant a component from ( 3.92| ). 



Schematically for each D = A dimensional solution there is an infinity of D = 4 + n 
dimensional solutions that can be constructed, parametrised by the Weyl potentials 

i = 1, ...,n. A general analysis of this method is best done in Weyl coordinates 
starting from lower to higher dimension. Then, a = r and we keep the same coordi- 
nate system from lower to higher dimension. The Weyl potentials can be constrained 
in order to guarantee asymptotic flatness for the higher dimensional solution. This 
we leave for later study. In this section we will do the converse. Starting from two 
5 dimensional examples, the Myers-Perry black hole and the black ring, we will go 
down to 4 dimensions. 

Start with the Myers- Perry solution describing a rotating black hole with a single 
angular momentum in the coordinates ( p. 11 ). We set A = 0, i.e. A; = 0, in the metric 



components (|5.15| ) and we use (|3.91|) to obtain 



2, (p2-2Msin2^)3/4 



e^'^ = ^-^ ^ (6 1) 

^1/12^2/3 cos2/3^sini/6^' ^ ■ ^ 

The corresponding four-dimensional metric, solution of Einstein's equations, is given 
by substituting the expressions for a, Q, A into ( |5.15| ) and ( |6.1| ) in 

ds^ = e^'^a^V + de""^ + ae'^dcf" - aS {dt + Adcjyf . (6.2) 

After the dust settles we obtain the following 4-dimensional metric^^ 

ds"" = —^=[r^ + (a^ - 2M) sin^ Of^ ( dO^ + ^ V 

-'^^A word of warning on notation. Here A = + — 2M stands for the 5-dimensional potential 



and thus the coordinate r is not the one appearing in (4.8). 
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r cos(e)(p2 - 2M) [ ^ 2Ma sin^ & ^ 



p2 \^ p2_2M 

p^r A cos ^ sin^ ^7,2 



Note that the resuhing metric does not describe the Kerr geometry and is not asymp- 
totically flat (actually, even for M = a = this solution is not fiat). 

Now we work out the seed solution for the black ring solution in D = 4 
dimensions. The black ring is described in C-metric type coordinates by the line 
element, 



ds' = --^[dt + C{u,X)R—^d(t)] + 
F[x) V F[y) J 

R^F{x) f G{y),^^ dy^ dx^ G{x) , 



where -F(0 = 1 + A^, G{^) = (1 — ^^)(1 + i^^), R is a constant giving roughly the 
rings radius and 

C{u, A) = ^{X-u)X^. (6.4) 

The radial and angular coordinates are respectively y €] — 00, —1] and x G [—1, 1]. A 
regular black ring without conical singularity is obtained when the rotation cancels 
out the gravitational attraction of the ring, for 

A = (6.5) 

In all other conical singularity naturally appears at x = 1 holding the black 

ring together and avoiding its collapse. Static black rings are obtained when X = u. 



This solution presents a lot of interesting properties which are discussed in p8 



and 47 



The first thing we need to do is identify the components from (|5.7] ). We get 

/ r^f \r^, ^ n f F{y){x - y) 

a = ^/ -G{y)G{x)- ttt, e - 



x-yy V F{x)^ J -G{y) 

{x-y)^-G{:y) F{y) 

g2.(5) = ^2/3 (6.6) 
[x - yY 

To construct the relevant D = A solution from the above we keep the same compo- 
nents A, VL and a and we evaluate the component a = 1^(4) — z/(5) using ( p.91|) given 
the components and z/(5) from ( |6.6| ). It is then straightforward to note that the 
D = 4 metric ([4. 6]) takes the form. 



ds' = e^'^a'/ \ , Fix) ( - ^] + ae^^dcf' - ae^{dt + Adcj^f (6.7) 
[x-yY \G{x) G{y)J 
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and 0", in the above coordinate system, is given by two first order ODE's ( p.91|) 

= - i(alG(.)"-alG(v)) + *iG(y)} - 2t ,a„t .,fi(y)] 

= 8(ayW-ay(,)) ["-f*i'^<^) + - (6.8) 

This can be integrated exphcitly and we obtain 



2. {x-yfl^\W{x,y)fl' 



(6.9) 



(-G(y))Vi2(G(x))V3 
where 

W{x,y) = [y + x + u{l + xy)][u'^{xy -ly - [2 + u{x + y)]% (6.10) 



7. Conclusions 

In this paper we have extensively analysed solution generating methods for Einstein's 
equations in D dimensions with a cosmological constant. In particular, we studied 
stationary spacetimes of axial symmetry, restricting our attention to the case of a 
single rotation parameter. Our analysis was also shown to apply, by a simple KK 
reduction, to an EMD (Einstein-Maxwell-dilaton) system with a Liouville potential. 
Our approach has been threefold. Firstly, to make the connection with the classical 
works of general relativity in D = 4 and A = such as those of Papapetrou and 
Ernst, and also to connect with the relatively few recent studies in higher dimensions 
for A = Our aim was to analyse the symmetries of the field equations including 
possible duahties, to classify and characterise the methods and solutions, and to give 
typical examples without necessarily writing out all the possible metrics. 

Our analysis of the field equations has brought out a new solution generating 
method valid for A = 0. According to this recipe, for each 4 dimensional station- 
ary and axisymmetric solution, one can generate an infinity of higher dimensional 
solutions, parametrised by a Weyl potential, for each extra dimension. In this way, 
even a fiat 4 dimensional solution can generate an infinite number of higher dimen- 
sional solutions. As examples, we showed that the 5 dimensional black ring and the 
5 dimensional Myers-Perry solution do not originate from Kerr's solution, the only 
stationary and axisymmetric black hole solution in D = 4. We have seen that this 
method does not generically preserve asymptotic fiatness. A more systematic anal- 
ysis of this method, in particular making use of the Weyl coordinates (|2.2| ), will be 
undertaken in the future. For A 7^ 0, we have found solutions which can be inter- 
preted as deformations of the adS soliton and planar black holes. These solutions are 
of non-trivial topological charge characterised by an extra integration parameter. 

We have demonstrated that classical methods such as those of Ernst and Pa- 
papetrou can be extended to spacetimes admitting a cosmological constant. We 
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generalised the results of Papapetrou mapping a certain class of stationary solutions 
to static ones and have found the extension of Ernst's equation in the presence of a 
cosmo logical constant. We have seen that one can interpret the field equations in a 
geometric way with respect to a three dimensional background manifold. Whereas 
when A = the manifold in question is flat, the presence of A makes the manifold 
curved and the choice of an adequate coordinate system difficult. Our actual analysis 
leaves open the question of finding a suitable coordinate system for asymptotically 
dS or adS spaces, such as those available for A = 0; namely that of spheroidal coordi- 
nates 1^ or Weyl coordinates . A coordinate system adapted to the profile of the 
solution in question would be able to stretch the methods we have developed to their 
full potential. For example, we would expect to be able to generate Carter's solution 
from Kottler's solution by a method similar to that exposed by Ernst for the 



A = case [^. The presence of the cosmological constant has been shown here not 
to burden the solution generating methods themselves, but rather to emphasise the 
the adequate choice of a coordinate system with which to apply these methods. This 
is of crucial importance in order to tackle solutions such as the adS black ring, the 
black ring solution in higher dimensions, or exact braneworld gravity solutions such 
as the black hole on the brane (see for example or that of a cosmic string [36 
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